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Abstract 2. Related work
) ] ] Image sementation is the extraction of objects from an
The paper providea methodof imagesegmentatiorof image[3].
binary andgray scale imageskor binary images, the A common technique finds the boundaries of the

method captures not only connected components but alsbjects, called edge search. In the case of a gray scale

the holes For gray scale images, there are two kinds of jmage, the edges are found by locating the areas where the

ficonnected components dark regionssurrounded by  rate of change from bladk white is high.Examples are

lighter areas or light regions surrounded by derlareas. contour trees[8], active contourg3], the digital Morse
theory [11], and many othersThis technique, however,
fails when the boundaries of objects are not well defined.

1. Introduction Another approach to capturingbjectsin gray scale

We address the issue mhage segmentatioaf binary ~ 1Magesis to produce a treepresentatioof the image6],

and gray scale imagesThe scientific foundation of the [1,7]' [20]. In [6].' _the tree IS built by - cutting
proposedmethodis topology, the science of continuity (Simultaneously) minima and maxima of the gray scale
and onnectedness]. functlon - sl!ce by slice. The result is a hle[archy of

The topological analysis is intended to reveal the mostOPJects that is recorded asateea | | e d i Sheia | et
basic things about the image: how mangnnected €Xample is below.
componentsare presentwhich ones have holes and how
many. It is also a part of the analysis to capture these
topological features. The next stage is geometric: 3 ©
measuring them and finding their locations. With this data, L E
it may be possible to understand the content of the image. A

We will use the tools that are standard ia discipline &
The first tool is cell decomposition the image is y
represented as a combination of pixels as well as edge (
and vertices. The secotabl is cycles both the connected
components and the holes amaptured by circular
sequences of edges

The challenge is thahésetopological tools havenot Figurel. An image and its scateee
been commonlyapplied in the analysis of gray scale
images For example while in binary imagethe meaning
of connected componernits clear for gray scale inges,a
Aconnect ed shaulchpbe medark oregion
surrounded bya lighter area In other words,it is a
sublevel set of the gray level functioho deal with he
multitude ofsuldevel setswe record thenin a graph. TIs

Homologytheory provides the algebraic description of
the topology. There have been a few attempts to address
homology computation in imaging in the academic
literature and the treatment tends to be cur§by, [18].
More recentpublications[24], [15] provide a number of
: . . useful algorithms for homologgut their applicability in
graphcaptureghe inclusion herarchy among the sublevel image angalysisis not addresse%z [12] horr?c?logy is ﬁsed

sets. A similar data structure @eatedfor the holes. : : L .
Combined these two graphs represent the topology of thefs%rt;jrgfu%eagg:gglsne%rﬁﬁ ([:fg]text of digital topologthis

image.
The algorithm has been tested and shown successful il&o
segmenting a variety of images.

There are severakoftware packagesdesigned to
mpute homology CHomP, the Computational



Homology Project[10] is written in C++ andvorks with We will think of a pixel as a square, or a tidext, the
a command prompt. PLEX21] is a set of routines for boundaryof a pixelis a combination ofts four edges.
MATLAB that computeghe Betti numbers. Alpha Shapes Since an edge is shared by two adjacent pixels, keeping
[1], [5] computes Betti numbers sfmplicial complexes  the list of these edges is a way to record how pixels are
representing point cloudsCGAL, the Computational  attached to each otheMeanwhile, keepingthe list of
Geometry Algorihms Library [9] and Simplicial verticesis a way to record howdgesare attached to each
Homology for GAP[23] are collections of C++ codir other.This is calledcell decompositionlt is a standardh
computation of simplicial homologyrrom this list, aly algebraic topology
CHomPcan computehe homology ottubicalcomplexes
and, thereforejs applicable to digital images. None of
these methods and progranssapplicable togray scale . p
images.

The present research was inspired primarily by the
notion of fi p e r[E3] and gremwvtfromhtliemo |
desire to apply this cwept to digital image analysis.

3. The topology of a binary image o e

! m The first advantage othis approach ists generality.

Figure 2. A binary image and its negative. The pixelsare attached to each other along the edges they
share. This it is edlg applicable toall dimensions:
1 avertex is ®-cell,
two adjacent edges arec#lls and they share a

Figure 3. Left: Cell decomposition of the pixel. The edges and vel
may be shared with adjacent pixeRight: Cell decomposition of
pixels arranged in a square.

Consider thdirst imagein Figure2. We would like the
computer to see what we seélack "objects” on white
background. And we want thesbjects captured pixel-

wisei so that we can deal with them as separate entities. vertex, a ecell,
Then we will havethese objects measured and their 1 two adjacent pixels are-@lls and they share an
locations found. edge, a ell,
This problem is commonly known ascdhnected I two adjacent voxels are-cells and they share a
component labeling" and has many different solutions. face, a Zcell,
The approach we suggest below and the algorithm we T etc.
develop are different from thos&he output isof course Thesecondadvantages thatit allows us tareatobjects
the same. and holedn a uniform fashion. The result is an algorithm
Some of these components have topwiaigfeatures of  thatsimutaneously captures both.
their own the "holes". The holes will also be counted,  Another advantage is related to the fact that want
captured, measured etc. our algorithmto beincrementali adding one pixel at a

We think ofblack objects asonnected components and time. Cell decomposition gives us an incremental
white objects as holes in dark objecksowever in the algorithm tha is both simple andlexible. As a result it
second imagén Figure 2we seewhite objects orblack ~ can beextended to gray scale images, and later to color
backgroundThe approach is also feasible images, video, etc.

To stay consistent, evhaveto choose one of these two ~ With cell decomposition, hien we need to add a pixel
options and we choose the form@inary images are 10 the imagewe add its vertices first, then the edgesd
analyzed as if they have black objects on white finally the pixel tself. This makes the algorithm simpler
background.As a result, the white objects thauth the than one that addswhole pixel at onceConsider the fact

border are not counted. that the new pixel is adjacent to 8 other pixétse 8-
connectedness)nd hese 8 pixels may belong to up to 4
4. Cell decomposition ofbinary images different componentsThe result is that tle number of

. . _ o _cases to considés quite high. Meanwhile,if an edge is
A binary image is a combination of black and white zqdedinstead, the vertices are already present. The result
pixels.Each pixel is given by its location in the image, SO js that there are onl¢ cases to considethe new edge
it is just a pair of numbers. i§ thennatural to represemain may connect two components to each otfiem the
object simply as a list of pairs of numbevge will take a  inside or outside completea holein a component or
different approach. anothera hole(Figures 811).



The cell decomposition also makesertain concepts connected sets of white pixels, that covers the whole
more straightforward First, an object and its background image. The partition is achievdyy finding boundariesof
donot share pixel s, onl g ehbgpeaegions as-sandatcycles. sSTheketcyclestateaskda r e a
componenplus the area of the complementisadly the curves made of vertical and horizontal edges of pixels.
total area of the imageéSecond;the per i met er i snot t he
number of pixels in its boundary but the number of edges. §. The graph representation of the topology of

a binary image

5. Using cycles to partitionbinary images The algorithm is incremental. The cycles are constructed

Both componentsand holes are captured bycles By a5 pixels, one by one, are added to the image. Since every
cycles we will understand circular sequences of edges. pixel also containsedges and vertices, the process of
There are Oand tcycles: adding a pixel (cell) starts with adding its vertices and then

. A O-cycle follows the outer boundary of a its edges, unless those are already present as parts of other
connected componengsbject), pixels. These vertices, edges, and pixels are marked as
1 A l-cyclefollows the outer boundary oftwle. "current” (see the next section).

As the new pixels are being added, components merge,
holes split, etcThe topology of the image changes. This
process is captured by cycles as they appear and disappear,

merge and split. The information about these changes is
recorded in a graph. Each nodetle graph represents a
cycle. Thedirected arcs (arrowghat connect the nodes

representhe merging andhe splitting of the cycles.
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Figure5. Adding a standilone pixel requires 9 steps: adding 4 vertic
edges, and the cell itself.

Figure 4.The objectsandthe holes are represented as cycles. He )
Aand B are @ycles(redy C a n dcyol€greem) e 1 Adding a new vertex creates a new component and a

new node in the graph. Adding a new edge either connects
dwo components or creates a hole in an existing
component. Adding thequardtself diminates a icycle.

Let6bs consi der aample adtimga me | y
single pixel to a blank imagelt takes 9 steps
corresponding to the 9 itens beadded.

This results in a natural and unambiguous
representation of the regions by the curves that enclos
them. AO-cycleis traversed clockwise (on the outsioe
the object like a rubber band) andlaycleis traversed
counterclockwiseObserve that in the either case black is

on theright.

Note: Theyrmame i3 justified byl Oc—o t
this is a sequence of-cells. But so is a -@ycle. This G
represerdtion however is only a matter of convenience. It oL C@
can just as easily be represented as a sequence of vertices

or O-cells.

Of course, icycles of the picture are-&cles of its
negative and vice versaxcept for ones that touch the
border of the image

Given an image, any cycle can be traversed by taking Figure6. The stages of adding a single pixel to a blank image
left turns from the initial edge in such a way that black  cycles areni red and the only-gycle is in green.
pixels are always on theght - until this edge is reached
again. The construction of the image is represented by a graph.

The result of this topological analysis is a partition of Its nodes correspond to the cycksdthe arcscorrespond
the binary imageThe partition is a collection of nen  to merging and splitting othe cycles. Each arrow is
overlapping regions, connected sets of black pixels and




accompanied by number indicating which iteris being CALL AddEdge with upper edge of P

added. CALL AddEdge with left edge of P
1 E = lower edge of P directed counterclockwise
0 = A -5 . CALL RemoveCycle with 1 -cycle A=T(E)
2 5 ) E. 1] = H 4
0——= 8 — N 37 Adding a vertex is trivial It creates one new-€ycle
3 6 = F =5 represented by a node that i
0= ¢ — _— 8 9 But first you verify thatthe vertex s n 6t al ready
—0 "
0—2 p — AddVertex with vertex V
Figure 7.A graph representation of the 9 stepguired toadd a stand IFVis present THEN
alone pixel. RETURN

ENDIF
At the first stage we have 4 nodes, corresponding to thevark Vas present

0-cycles. Thenthey merge into one. This-&cle splits Call Create CyclewithV ~ RETURNING O cycle A
into two cycles, a @€ycle and a Lycle. Finally, this 1
cycle disappearsThe end result is of course just the last
existing cycle, H. The graph building procedure and the
graph itself will however be important ithe analysis of

Adding an edge ishe most complexstep There are
three cases illustrated in Figuresl@ Which case is
determined based atmecorrespondenceable T.

I

gray scale image_:s. _ _ _ AddEdge with edge E

Generally, this is an acyclic directed graph. The
maximum degree is 2. IF T(E)!=NULL or T(-E)!=NULL THEN

SupposeN is the number of pixels in thenage. Then, EEIEITFURN
the total number opixels, edges and verticess O(N) so
is the size of the graph CALL NextEdge with E RETURNING edge E1

A =T(E1)
. . CALL NexteEdge with TE RETURNING edge E2
7. The pseudocode of thenalysisalgorithm B = T(E2)
for binary images I A = B THEN

A crucial part of the algorithm is the correspondence CALL SplitCycle with E1, E2, and A
. ; PR ; ; ELSE
table T: edge¥ cycle. Maintaining this table is necessary CALL MergeCycles with E1 and A, B
at every step. ENDIE
The algorithm of image analysis is the process of /
addingpixels one by pe while keeping track of changes

in the topology. - .
1 | \
ImageAnalysis with binary image | \ {

FOR all pixels in | '
IF P is black THEN > e
CALL Add Pixel  with P

ENDIF
ENDFOR Figure8. Case (a)the new edge connects two differenty&les.
Next is the operation of adding a pixel. It includes >

adding itsvertices,its edges, andhen the pixel itself.

Adding an edge means assigning cycles koth of the {

directed edgesi forward E and backE. In particular, y 4
there is always a-tycle inside the pixel t i s fAr emoveda?ad -

as thesquarecloses the hole. -
/i
AddPixel  with pixel P

Figure9. Case (b)the new edge connects &¥fcle to itself.

CALL AddVertex with upper right vertex of P
CALL AddVertex with upper left vertex of P
CALL AddVertex with lower right vertex of P
CALL AddVertex with lower left vertex of P

CALL AddEdge with lower edge of P
CALL AddEdge with right edge of P



Figurel10. Case (c)the new edge connects &¥cle to itself.

Figure 11 Case ¢): the new edge connects &ylcleanda0-cycle

A O-cyclecan mergavith either G or 1-cycle
"
MergeCycles with cycles A, B and edge E

CALL CreateCycle with E RETURNING 0 -cycleC
CALL MarkEdges with E and C

Add arcs fromA , BtoC to thegraph

0- Betti  number --

1

Eithera 0- or al-cyclecan split

I
SplitCycle with edge s E1,E2 andcycle A

IFAisal - cycle THEN
CALL CreateCycle with E1 RETURNING 0 -cycleC
CALL CreateCycle with E2 RETURNING 0 -cycle D
ENDIF

IFAisa0 - cycle THEN
CALL CreateCycle with E1 RETURNING 0 -cycleC
CALL CreateCycle with E2 RETURNING 1 -cycle D
ENDIF

CALL MarkEdges with E1 and C

CALL MarkEdges with E2 and D

Add arcs fromAtoC , D to thegraph
1- Betti number ++

I

Creatinga cycle meansaddinga new nodé¢o the graph

1
Create Cycle with edge E

Create node A inthe graph
TE)=A

RETURN A

I

Removingacycle meansissigning NULL to all of its

edges
1
RemoveCycle with cycle A

FORall edges E inl
IF T(E) ==A THEN
T(E) = NULL
ENDIF

ENDFOR
I

Givenan edge of a cycle, ormanfind the next edgef

the cycle
I
NextEdge with edge E

Start points of edges E1, E2, E3, E4 = end point
of E

Direction of E1 = direction of E + 90 degrees
Direction of E2 = direction of E

Direction of E3 = direction of E - 90 degrees
Direction of E 4 = - direction of E

FORedge G= El,E2 E3, E4
IF T(Q! =NULL
RETURN G
ENDIF
ENDFOR
I

Next function goes around a given cycle and assigns it
to the edges.
"

MarkEdges with edge E and cycle A

CALL NextEdge with edge E RETURNING edge G
WHILE G I=E

TG)=A

CALL NextEdge withedge G RETURNING edge G
ENDWHILE
1

8. The topologyof a gray scaleimage

A gray scale image simply a tabldilled with numbers
indicating the gray levelOne can also think of it as
function of two variablegthe graylevel function) defined
on a rectangular grid.

Figure12.A gray scalemageandits graylevel function

In binary imags objects are either black areas
surrounded by white background owhite areas
surrounded by black backgroun&imilarly, our initial
assumption about gray scale images will be titgects
are either darker areas surrounded by lighter background
or lighter areas surrounded by darker backgroimdther
words, thedark objectsare the connectedsublevel sets
and thelight objectsare theconnectedsupalevel setsof
the gray level functionThe boundaries of the objects are
the level curves Since all of these sets are connected



collections of pixels thewill be represented as @nd *
cycles.

At this stage theimage analysis does nohave
unambiguougesults

Figure13. The blurredversion of the image in Figure 2.

It may seemclear thatin the above imagthere are two
objects andhe fist one hasvo holes. However where the
boundariesof these objectare located depends on the
chosen thresholdor thresholds The choice of hese
threshold will affect the topology of the imageas
illustrated below

Figure14. Eachchoice of thresholdgroduces a different topology.

The acquisition of all possibleyclesis carried out via
image thresholdingGiven anumberT, thresholding is the
process ofrepladng all the pixels with gray level lower
than or equal to TWith blackleaving the rest whiteThis
creats a binary image that we callthe frame
corresponding to TAs gray runs from 0 to 255, we have a
sequence of 256 frames. Observe that as you move from
frame to the next, more black pixels appear.

9. The graph representationof the topology of
a gray scale image
The collection of all possible cycles is organized in a
graph the topology graph of the gray scale imagd&he

collections of cycles of framefom 0 to 255form a
sequence. They are arrangedlayers within the grah.

E

D E—m &
=R L=

o =0

Figure 15. Thetopologygraph for the image in Figure 1. Here tr
objects aremouth E (black), head B (grayyes C and D, entire
image A (whité.

The arcsin the graph indicate inclusiorfBupposewe
change thethresholdfrom 0 to 255. Then, any of the
minima of the gray scale function will produasequence
of growing dark objects, up to some threshold the
same time,any of the maxima will produces a sequence of
shrinking light objects, starting at some threshditere
are also three other kinds d@fopological events (see
Figures8-11):

1. dark objects merge,
2. adark object form a hole (light objedt)side
3. light objects split

One can form the topology graph from the two
Ai ncl usiidhe one foethesdark objects and the
other for the light The latter is turned upside down and
attached to the formavherevera topological event of the
secondtype happens The topology graphmay be a tree
(Figure 15), but generallyit isn't Consider,for example,

The chosen thresholds will affect the measurements ofthe negative ofheimagein Figurel5, below

the objects willalso bedifferent. As a resulsome of the
objects may or may not be discarded as noise.

The maximal number of dark (light) objects is equal to
the number of local minima (maxima) of the gray scale
function.

Our approach to dealing with this ambiguity is to collect
all possiblecycles and then filter them based on size,
contrastetc.

w

Figure16. An image and itsopology graphwhichi s n6t a



As the threshold growsiew pixels are being addeqid Let 6s ¢ mother Birdpéerexanaple The visual
thecycles in the image appear and disappear. Componentsspection of the image in Figurel7 reveals that it
merge, holes split, etandthe topologykeepschangng. contains two dark objects. This information can also be
The information about these changes is recordethé acquired from the analysis of the frames of the image, as
topologygraph. Each nodaithe graph represents a cycle, follows. The number of objects in@aframe is: 1, 2, and
and hearcsrepresent merging and splitting of the cycles. 1. However, to avoid doubleounting, we will only count

As a matter of convenience instead of tiopology an objectif it does not have an ancestor in the previous
graph we build theugmented topologgraph or simply frame. Then the total count of objects in the image is: 1
theaugmented graptof the image. Thgrowing threshold 1+ 0= 2. This is the maxiram possible number. The user
creates a partial order on the set of pixels. In that order thenay decide that one or thobf these objects are noida.
pixels are added to the imagehe procedure of building the latter casthere is only one objeétthe whole square.
this graph with nodes representing cycles is exactly the
same as the one presented Saction 6. During this
process th@56 frameswill appear but between thethere
will be auxiliary stages The frames will generate the ® o
principal cyclesandthe rest are thauxliary cycles The
graph breaks into layers: auxiliary nodes, principal nodes
of the @ frame, auxiliary nodes, principal nodes of the 1st Figure B: A gray scale image and its frames.
frame, etc.Thetopologygraph can be extracted from the

augmentedgraph by removinga" auxi”ary nodesand Some of theprincipal cycleswill have to be discarded
addingarcs between principal nodescordingly.Unlike by the user The remaining ore will represent the
the topology graph, the augmented graph is dependent ogimplified topology of the image. We will call theective
the order of pixels (within frames). cycles

Suppose the image consists of two pixels, black and
gray, on white background. Then the construction of the 10. The pseudocode of thenalysisalgorithm
augmered graph starts with adding the black pixel. The for gray scale images

graph at this stage is given in Figure 55. It ends with a . . .
singleprincipalcycle, H. The rest are auxiliary. The algorithm of image analysis is the process of

Next, if the gray pixel a%d'ﬂ%pﬂxe'saoﬁej by g while keeping frack; of ghanges |
second stage looks exactly the samthadirst. It contains in the topology
a single f nnahiseasetheugmentedidph . The anaIyS|s of the topology of a gray scale image

consists ofthese two disconnected parts and the topolo consists of two stag(_es:
graphis simply:H, H 6 . P pology 1. The aeation of the augmented graph, and

2. The filtering of the principal cycles and

oA 3 o b creation of the list of active cycles
1. 3 5 4 5 7 The operationof adding a pixeand all functions it calls
0 CE - areexactly the same as in the case dirsary image. The
2. 4 ¢ - only difference is a list of allprincipal cycles is
0= ¢ — 5 g 6 mairtained.
= 0 I
ImageAnalysis with gray scale image |

Figure 17. The augmented topology graphdding the second
(adJaCt_—:‘nt to the first) pet to the imageThis graph is attached to ths FOR all thresholds T = 00 &, 255
graph in Figure 7.

FOR all pixels Pinl
If the gray pixel is adjacent to the black, gneagmented IF the value of P <= T THEN
graph is connected’here are 6 stepitially only H, the CALL Add Pixel  with P
0-cycle created during the first stage present. Thernwo ENDFOREND'F
new vertices are added creatingtwonew 9 c | e s, B Oaddalyéles with no descendan ts to the list
Cbo. o edges are added and thebeee cycles of principal cycles

merge. When the third edge is added,-eydle appears. ENDFOR
Adding the squareemoveshis cycle Only oneO-cycleis FOR all

X X . principal cycles C
left, tad dwo pixel dark object) The topology graph is IFCisa0  -cycle,
simply HY H6 . Evaluate(C) == 1 and
Now, HO6 contains H. ThereforeCcﬁi%sc&ha"%""ﬁa@?eﬂgpw'ththem shoul d
. . . Evalua e(D)
be counted. Which one? This is for the user to decide. He Add C to the list of active cycles

may be interested ih ar ger objects (HOENDFOT objects with
higher contrast from the surroundings (H) IFCisal  -cycle,






