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Abstract

The paper providea methodof graphrepresentatiorof
gray scale imaged-or binary imagesijt well known that

one has tocapture not only connected components bu

also the holesFor gray scale images, there aatsotwo
ki nds comdcted omponents i dark regions
surrounded by lighgr areas or light regions surrounded
by darler areas. These regionsare the lower and upper
level sets of the gray level functiaespectively The
proposed method represents thierarchy of these sets
and tre topologyof the imageby means ofa graph This
graph contains the well known inclusidrees but ifs not
a tree in general.

1. Introduction

One of the main pproaclkes to segmentation ofjyray
scale imagesgelies oncapturingupperandlower level sets
of the gray level functiomf the image The rationale for
this approak is that theconnected components of Hee
sets are arguably building blocks of réamsdepicted in
the image

The connected components of thpper level sets have

copies ofthe upper and lower levéhclusion treesThe
proposedmethod is implemented viaf n a plevetby-
level, construction algorithrthat simultaneously captures
both lower and upper level setsa single sweep

The background in topology as it applies to arialysé

tbinary images is discuss€@ection2). We also present

some backgroundor a couple of standard topological
tools. The first tool is cell decomposition: the image is

represented as a combination of pixels as well assedge

and verticeqSection3). The second tool is cycles: both

the connected components and the holes are captured by

circular sequences of edg&3ectiond). The data structure
T the topology graph for the hierarchy of objects and

Figure 1An image and its gray level function.

holes is given (Section 5). The algorithm for the
construction of the topology graphiiscrementali every
time apixel is added the topology of the resultingbinary

also a clear hierarchy based on inclusion. This hierarchyjmageis recomputedSectiors 6 and7).

providesa graphrepresentationof the topologyof the
image It is called theinclusion tree Various approaches
to the inclusion tree have been proposedl efficient
algorithms have been developgtl], [13], [16], [17], [18]
and many others)

The justification for the proposed approach the
topology of gray scale imageslieson both theanalysis
of binary images andrior researcl{Section8). The graph
representation of the topologythe topology grapfi of a
gray scale imagés constructed incrementally age go

The connected components of lower level sets may benrough the sequence gfay scalghresholdg(Section9).
objects and the connected components of upper lewel sette analysis algorithmalso incldes filtering of the

may be holesn these objectspr vice versaMeanwhile
the inclusion treedfor upper and lower level setsf
considered separatelgo not help infinding out which
object has which hole€Therefore in order tocapture the

topology graphA comparison of the topology graph to the
inclusion tree especially theversion presented in16],
shows certain advantages (Sectib@). An example is
given of an image the topology graph of which is not a

topology of the imagé¢he two trees have to be combined e

in some way.Approachesto such a representaticare

The implementation issues such as the complexity

proposedn [1], [16]. However, these representations are (quadratic) memory requirementdinear), and processing

trees.

In the present paperediollow the lower/upperevel set
approach tathe graph representation of thepology of
gray scale images bytut forward anon-tree graph
representation The proposedgraph contains complete

time of the algorithm(40 seconds per 1 million pixelaye

discussed (Section 11). The conclusion is that the
algorithm is practicalThe algorithm has been tested and
shown reasonablystable under noise and other image



modifications (Section 12). Further research directions The union ofany collection ofpixelsis a subset of the

are color images, video, andorphology(Section13). Euclidean planeTherefore it acquiresits topology from
the plang[11]. In this setting, the concepts donnected
2. The t0p0|0w of a binary image componer andfiholed have the standard meaning.

To justify our approach tgray scale images, we will . . .
start our analysis witlilopology of binary images. The 3. Cell decomposition ofbinary images
reasorfor this approaclis that we prefer in the beginning The boundaryf a pixelis the combination ofits four
to deal with topological issues in the simplest possible edges. Since an edge is shared by two adjacent pixels,
setting. Tkese issuebkave been studieover the last 100  keepingthe list of these edges is a way to record how
years or so and they are well understood. pixels are attached to each otheanwhile,keepingthe

All the background comes frorffll] and [7] (in the list of verticesis a way tarecord howedgesare attached to
generaltopologicalcontext) and from [15] (in the context each otherThis is calledcell decompositionThe idea of
of digital image analysis). However, only certain cell decompositiorran be traced back to the Euler formula
elementary concepts are usedtims paper Two basic [11].

tools are also used in the next two sectionscell It is standard iralgebraic topologyl11], [3] to represent

decomposition and cycles topol ogi cal spaces as fihasel |
Our goal is to capture thepological featurepresent in beenextensivelyapplied todigital image analysi§l0] and

the imageconnecéd components arttieir holes geometric modeling [14]. This method of cell

decompositiordiffers in technical detailffom thosethat
use A[AAM (see als¢l2)).
In the 2dimensional settingcells are dfined as

follows:
1 averte{n}x {m}is aO0-cell,
Figure 2. A binary image and its negative. 1 anedggn}x (m, m+ 1) isal-cell, and
For example, irfirst imagein Figure 2 there are two 1 aface(n,n+ 1) x (m, m+1)is zcell
objects and the first one has two holes. Thus <cells are fAopeno. Ther

This problem is commonly known as "connected partition of the union of blacKclosed) pixels into the
component labeling” and has many different solion union ofa colection ofdisjoint (open)cells.
Even thoughhe approach wese isdifferent from those
the output is of course the same. °
We think ofblack objects asonnected components and
white objects as holes the dark objectsHowever in the
second imageén Figure 2we seewhite objects on black
backgroundThis approach is also feasible

To stay consistent, vhaveto choose one of these two °
options Wechoose the former ",
Binary images are analyzed as if they have black -cel
objects on white background. Figure 4. Left: cell decomposition of the pixel. The edges and vei
As a result the white objects that touch the border are may be shared with adjacent pixeRight: cell decomposition othe
not counted. image of black eighpixels arranged in a square.

Next we make this approach more precise.
A binary image is arectangle covered bplack and
white pixels arranged in a gridin order to study the

The first advantage othis approach ists generality.
The pixelsare attached to eaclther along the edges they
share:

topology of the image it is reasonablethink of a pixel as q
a square, or a tilgn, n + J] x [m m +]]

\IIII[
i W

a vertex is @-cell,

I two adjacent edges arectlls and they share a
vertex, a ecell,

. 1 two adjacentfacesare 2cells and they share an

_ edge, a icell.

‘...{ This approactis applicable to all dimensions

— Another advantage is related to the fact that want

- our algorithmto beincrementali adding one pixel at a

time. As a result it can bextended to gray scale images,

and later to color images, video, etc.

T T T
Figure 3. A binary imageis repreented as a combination o
square tiles.



With cell decomposition, fien we need to add a pixel 1 a O-cycle that follows the outer boundary of a

to the imagewe add its vertices first, then the edgasd connected component,
finally the face of the pixel itself. This makesre- 1 a 1-cycle that follows the outer boundary of a
computing the topologgasierthan one thatddsa whole hole.

pixel at once.Indeed consider the fact that the new pixel We will call thengeneratorcycles As they are the only
is adjacent to 8 other pixelghe 8-connectednessand ones we will deal with, wavill refer tothem as simply
these 8 pixels may belong to up to 4 different components cycles

The resultis that thenumber of cases to considerquite Observe thatevery Ocycle of this kind can be
high. Meanwhile,if an edge is addethstead, the vertices represented by a-dycle, exceptn the caseof a single
are already present. The result is that there aredotdges  vertex component This is the approach we adopt in the

to consider The new edgenay following.
1. link two components to each oth@rthe outside A 0O-cycleis traversed clockwise (on the outside of the
2. link a component to anoth@omponentinside its  object like a rubber band) and hcycle is traversed
hole, counterclockwise. Irthe either case black is on thight
3. completea holein a commnent or and white is orihe left

4. break a hole into two

Which of these events occurs is determined based on the
local information Figuresl12-15).
The cell decomposition also make®rtain geometric

concepts morestraightforward First, an object and its
backgr oun dpixdlg onfy edges.hAa a result, the

area ofa componentplus the area of the complement is 5
exadly the total area of the imag8econdthe perimeter
i snét the number of pixels in i pbut the nu

—

of edges.
At this point weprovide a formal dinition of the main
conceptof cell decompositin. Any collectiona of 0-, 1-,

and 2cells is acell complexprovided Figure 5.The object andthe holes arecaptured bycycles. Here A
1 if cantainsan edge(l-cel)t h e n 3 ceoch t ¢ and B are &ycles(red), C andD are %cycles(green)
points (0-cells)as well and Given a cell complex any cycle can be traversed by
T if 2 ¢ o Matea@callst hae n o ¢ o ntaking lefsturns frogn the initial edge in such a way that
edgeq1-cells)as well black pixels are always on theght - until this edge is

We will refer to the cell complex of thehole rectanglas reachechgain.This fact is used in the analysis algorithm.
thecarrier. S

. —— D . ——— &
Notice that we allow a cell complex to contain vertices +.‘.‘.+ |.‘.|.|

ded that t parts of faddwe for thik e
?hne iﬁc?eenien?alaa::agQﬁthﬁrvjeopripoad(rfszsgige?;o tf]se +.‘.* +.+ |.+ *.|
i by adihg it tices, edges, and in that | T i
g?(?egr()aang v?/le Wgar:tstovterreleftiz ceollgeeciior?cr)]f caeﬁli;gga cglll +.|-+ |-‘-|.|

complex at every step
Cell decomposition of the union diflack pixels in a _ _
binary imageproduce a cell complex.We will call it the Figure 6.Left: a0-cycle Right:al-cycle.

Il complex of the im . . .
cell complex of the image This approachresults in a natural and unambiguous

. . representation of the regions byeans ofthe curves that
4. Using cycles tocapture topological features  gnciose thenict. [15]).

in binary images The result of this topologicalnalysis is a partition of

Both componentsand holes are captured bycles In a the bmary |mage.'l'h|s partition is a collection of_ nen
cell complex overlapping regions, connected sets of black pixels and
T aO-cycleis any collectiorof vertices connected sets of white pixels, that covers the whole

image. The partition is achievdyy finding boundarieof
these egions asOand tcycles.

Knowing the boundaries of the objects allows us to
compute their areas, moment s
Theorem.

1 al-cycleis any collection of circular sequences
of edges.
Thus a kcycle is a collection of kells[11].
We will concentrate on two special kinds of cycles:



5. A graph representation of the topology of
binary image

First we consider agraph representatiorfor the
topology of acell complex.It hasthe following simple
structure Every node represents a cydfean object has a
hole, there is ararrow connecting these two cyclds
indicate the inclusionFor convenienceye adda node for
the whole rectanglécarrier) It is a direct successarf all
O-cycles.

Carrier

SN\,
C/ \D

SN\,

-
-
-
-
-
-
-
-

Cc < D

Figure 7. A graph representation of the topology of teé
complex in Figure 5, anothercell complex with this
representatiorthe topology graph of this image.

This data structure ientirely adequate to capture the
topology ofthe cell complex. Our interest is howevire
wholebinary image. Thsuggestediatastructuredoes not
distinguish betwegan object and an object insidehole
in another objectTo capture this information, weeed the
graph to contain this information

The topology graph of a binary images a directed
graph. Itsnodescorrespond to the cycles (objects and
holes) in the cell complex of the imaged the arrows
correspond to inclusions of these sets. More precisely,

9 if an object has a hole, there is arrow from the
latterto theformer, and
91 if a holehas a object in it there is ararrowfrom

thelatter to the former
In addition, there is amrrow from every object to the
carrier.

Thus, the topology graph captures not onlyttmology
of the cell complex of the image but also the way this
complex fits into the complex of the carrier.

The first part of the analysiglgorithmis building the
topology graph.

The algorithm is incrementabtarting with the empty
image, pixels, ore by one, are addedllore precisely,a
cell complex is maintained aralls are added tohis cell
complex as follows vertices of the pixel first,then its

edges, unless those are already present as parts of other
pixels and finally the face of the pixelOne of the
dternative approaches is to adall verticesfirst, then all
edges, then all faces.

The cell complex grows following this order:

1. the empty cell complex,
2. the cell complex of the image,
3. the carrier.

These three cell complexes will be calfea@imesof the
image. Besides these, the cell complex passes through
intermediate stages. Thwycles of theframesare called
principal cyclesand the rest arauxiliary cycles

Instead of thaopology graph we bud the augmented
topology graph or simply the augmented graph, of the
image.As the new pixels are added, components merge,
holes split, etc.Adding a new vertex creates a new
component and a new node in the graph. Adding a new
edge may connect two componentsr create or split a
hole. Adding thefaceeliminatesthe hole The information
about these changes is recorded graph. Each node in
the graph represents a cycle. Tdieected arrows that
connect the nodes represéiné merging andhe splitting
of the cycles.

The augmented grapls an acyclic directed graph
whichis not a treeThedegresare 1 or2.

The topology graph can be extracted from the
augmented graph by removing all auxiliary nodes and
addingarrows between the principal nodes accordingly.

The second part of the algorithm is filtering of the
principal cyclesbased on their characteristissch asize,
location, etc.

Thefiltering criteriafor binary imageshould besetin
such a way that it would be impossible to remove an
object while preserving a hole in Removing objects and
holes with the area below a given threshold is such a
criterion providedthe area is computed as the area inside
the corresponding cyclethe than the actual area of the
object

The remaining principle cycles represent the simplified
topology of the image. We will call theattive cycles

6. Example

Before we present the pseudocode of the algorithm in
the next section, we consider an extremétypte example
i analysis of a single pixel image.
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) . . . ) . Figure 11. The augmented topology graphdding the second
Flggres. Addlngfa standilone pixel requires 9 steps: adding 4 vert (adjacent to the first) pixel to the imagkhis graph is attached to thi
4 edges, andne face graph in Figure 10.
The process consists 8fsteps corresponding to the 9

itemsto beadded. If the second pixel is adjacent to thefirst, the

augmented graptontinues to grow beynd H. There are 6

®A BG = steps.Initially only H, the Gcycle created during the first
- ¥ stage, is present. Then, two new vertices are added
@°°®© @@o creaingtwonew@ ycl es, B6 and Co6. T
7 , added and these three cycles mergheManotheredge is
- Y| | fp— added, a kycle appears. Adding thiace removes this
N ‘ cycle. Onlyone & y c | e i.dt colresgond.to thd 6
two pixel object

Figure9. The stages of adding a single pixel to a blank image. : .

0O-cycles are in red and the onlycgcle is in green 7. The pseudocode of the algonthmor blnary
Images

The construction of the image is representedttiey A crucial part of the algorithm is the correspondence

augmentedyraph. The nodesof this graphcorresp'ond 0 petween edgeand cyclesEach directed edge is given by
the cyces and he arrows correspond to merging and  the coordinates of its initial point and the direction: left,
splitting of the cycles. Eacharrow is accompanied b yight, up, down. For convenience, vertices are recorded as

number indicating which itenis being added. edges with 0 direction. Thehis correspondence takes the
o s A form of a table, T, so that favery directed edge E, T(E)
§ 5\ Y is the cycle that passes throughTis table isupdatedat
0 —2 g >7 K V every stef the algorithm
5 F—L > I S
0 3 c / N . ImageAnalysis with binary image |
4 ! | —>0 FORall black pixels P inl
0 —> D CALL Add Pixel  with P
ENOFOR
Figure 10.A graph representation of the 9 stepsjuired toadd a Add all nodes with no descendants to the list
standalone pixel. of principal cycles
At the first stage we havg 4 nodes, C(_)rresponding_ to thécor all  white pixels P inl
O-cycles. Thenthey mer@ into one. This @ycle splits CALL Add Pixel  with P

into two cycles, a @ycle and a Tycle. Finally, this 1 Eyo?';OR , el cinal vl
cycle disappearsThe end result is of course just the last Add the carrier to the list of principal cycles

existingO-cycle, HThe topol ogy gr aphroks dﬁncip\? al s i er .

Now, suppose the image consists of tidack pixelson IF Evaluate(C)==1and

white background. Then the construction of the augmented Add Cto the list of active cycles

. . i ; : ENDIF
graph starts with adding tHest pixel, as aboveNext, if ENDFOR
thesecondp i x e | i s n 0 tfirstatlkjsexane stape tyo----t-he
looks exactly the same as the firstehds witha single Cycles can be evaluated based on their measurements:
cycl e, HO . I'n this case t hrea, paringtenerouhdeeds, €o @he mostctypites is she s
these two partsonnectedo the carrier area, as belovHere MinArea ighe lowest area set by ¢h

user.

1
Evaluate with cycle C

IF the area enclosed by C < MinArea THEN
RETURNO



ENDIF
RETURN 1
1

Next is the operation of adding a pixel. It includes
adding itsvertices,ts edges, anthentheface of the pixel
Adding an edge means assigning cycles both of the
directededgesi forward E and backard -E. After all the
edges have been adddbere is always a-tycle inside

thepixel.l t i s fir e faccvlesabthetmls. t he
1

AddPixel  with pixel P

CALL AddVertex with upper right vertex of P

CALL AddVertex with upper left vertex of P

CALL AddVertex with lower right vertex of P

CALL AddVertex with lower left vertex of P

CALL AddEdge with lower edge of P
CALL AddEdge with right edge of P
CALL AddEdge with upper edge of P
CALL AddEdge with left edge of P

directed counterclockwise
-cycle A=T(E)

E = lower edge of P
CALL RemoveCycle with 1
I —mmmemmmeemm e
Adding a vertex is trivial It creates one new-€ycle
represented by a node that
But first you verify that
I
AddVertex

with vertex V

IFVis
RETURN

ENDIF

Mark V as  present

Call Create Cycle with V

I

present THEN

RETURNING 0 cycle A

Adding an edge is the most complstep There are
four cases illustrated in Figurd®-15. Which caseoccurs

is ddermined following the information in the
correspondenceable T.
1
AddEdge with edge E
IF T(E)!I=NULL or T(-E)!=NULL THEN
RETURN
ENDIF

CALL NextEdge with E RETURNING edge E1

A =T(E1)
CALL NextEdge with 1E RETURNING edge E2
B =T(E2)
IF A==B THEN
CALL SplitCycle with E1, E2, and A
ELSE
CALL MergeCycles with E1 and A, B
ENDIF

1

Figurel2. Case (a)the new edge connects two differentyeles.

Figure B. Case §f): the new edge connects ayicleanda Ocycle

1

Figure14. Case €): the new edge connects a¥cle to itself.

not to
al ready

i s
t he

Figure15. Case ¢): the new edge connects &ycle to itself.

A 0-cyclecan mergevith either Q or 1-cycle case (a)
or (b).
"

MergeCycles with cycles A, B and edge E

CALL CreateCycle with E RETURNING cycle C
CALL MarkEdges with E and C

Add arrow s fromA , BtoC to thegraph
e

Eithera 0- or 1-cyclecan split case (c) or (d)

I
SplitCycle with edge

s E1,E2 andcycle A

CALL CreateCycle with E1 RETURNING cycle C
CALL CreateCycle with E2 RETURNING cycle D

CALL MarkEdges wi thElandC
CALL MarkEdges with E2 and D

Add arrow s fromAtoC
1

D to the graph

Creatinga cycle meanaddinga new nodéo the graph
"
Create Cycle with edge E

Create node
T(E)=A

RETURN A
i

A in the graph

Removingacycle meansissigning NULL to all of its

edges
"

anything

pre:



RemoveCycle with cycle A

FORall edges E inl
IF T(E)= =A THEN
T(E) = NULL
ENDIF
ENDFOR
1"

Givenan edge of a cycle, ormanfind the next edgef

the cycle
1
NextEdge with edge E

Start points of edges E1, E2,
of E

E3, E4 end point

Direction of E1 = direction of E + 90 degrees
Direction of E2 = direction of E

Direction of E3 = direction of E - 90 degrees
Direction of E 4 = - direction of E

FOR edge G= E1,E2 E3, E4

IF T(Q != NULL
RETURN G
ENDIF
ENDFOR
I

Next function goes around a given cycle and assigss it

valueto the edges.
1
MarkEdges with edge E and cycle A

CALL NextEdge with edge E RETURNING edge G
WHILE G = E

TG)=A

CALL NextEdge withedge G RETURNING edge G
ENDWHILE

IF the full turn is clockwise THEN
Aisa 0-cycle

ELSE
Aisa 1-cycle

ENDIF

I

8. The topologyof a gray scaleimage

In agray scad imageevery pixel is associaea number
indicating the gray levelThese numbers run from O te L
1, where L is usually 256.=2 for binary images)One
can also think of it aa functionof two variablesthe gray
levelfunction,defined on a rectang[®, N) x [0,M).

Even thaigh topology of binary images is well
understood[11], [7], [15], the methods areot directly
applicable to gray scale imageEhe method suggested
above however is fully applicable with minor changes.

Thegray level functionis a function from a rectangle to
the set {0, 1& , L-1} which is constanbn eachsquare[n,
n+ 1) x [m, m+ 1).

Given anumberT, thresholdingreplaesall the pixels
with gray level lower than or equal towith black leaving
the rest white

The autput of thresholding is a binary image. However,
because of the loss of information during thresholding,

woul

replacement of the original gray scale imaBelow are
two examplesof images for which a single threshold
dnot

wor k.

Figurel7. A gray scaldmageandits graylevel function.The gray
on the left is the same as on the right. Therefore no single thres
will capture both squares.

Figure18. The grayof the ridges inside the green ciréseclose to

the gray between the ridgeside the red circlelTherefore no single

threshold will capturall ridges

We justify our approach to analysis of the topology of
gray scale imagein two ways. First wappeal to analysis
of binary images in the previous secticarsd second to
prior research on the subject

In binary image objects are eibher connectedblack
areas surrounded by white backgrounad@nnectedvhite
areas surrounded by black backgrou&imilarly, our
initial assumption about gray scale images will be that
objects are either darker areas surrounded by lighter
background or ligter areas surrounded by darker
backgroundWe propose the following terminology:

9 adark objectis aconnecteccomponent of lower
level set and
9 alight objectis aconnecteccomponent oanupper
level set of the gray level function
Thisapproachs in agreement with the following gestalt
principle Wer t hhei mer 6s contr)ast
[6]:
Image interpretation does not depend on actual
values of the gray levels, but only their relative
values.
This principle sugests that one should look at the level
sets of the gray scale function, as well@aser and upper
level sets.
A related principle is discussed[b6]:

this binary image cannot always serve as an adequate



We assume our sensor is such that each pixel knows Therefore the analysis has to include the following two
only if it is brighter equal, or darker than its stages:
neighbor pixels, and that these comparisons can beStage 1. Gllect all possibleobjectsin all binary images
propagated. obtainedvia thresholding foeveryvalue of T from O to L.
The conclusion is that the lower and upper level sets of theWe will call these imagefsames.
gray scale function should serve as the main building Stage 2. Hter these objectsto resolvethe ambiguity The
blocks in image segmentatiofihis conclusion isystified result isthe list ofactive cycles

by the analyses conducted[i], [16], [7]. To ensure thathe ambiguity isresolved properly we

As the objects are thiwwer and upperlevel sets the will adhere tathefollowingiDu ni quenes:s prin
boundaries of the objects are the lesatvesof the gray If a dark object containsanother dark object only
level function Since all of hese sets are connected one of thenis taken into account
collections of pixels theganbe represented as @nd 1 A similar principle is used for light object®oth are
cycles as before vacuously true for binary imagesThis principle

At this stage thaanalysis does ndtave unambiguous  guarantees that the active cycles you crdssm inside
resultsL et 6 s the@image bdlew aan example. out or from outsiden) will alternate:0-cycle, 1-cycle O-

cycle 1-cycleg
The justification for this principléies in the fact thain
2D there can be no object in froof or behind another.

So either the larger object is the background for the
smaller one or the small@bjectis noiseover the larger
one.An object can have a hole in it however.

Figure19. The blurred version of the image in Figure 5.

It may seemclear thatin the above imagthere are two
objects andhe first one haswo holes. However,one may
choose different thresholds for different level curvBse
choice of hesethreshold may affect the topology of the
resulting image as illustratedin Figure 20below All
three oticomes are equally valid.

Figure21. The circle may be noise (small size) or the square may

background (low contrast)

Stage 2 may include applyings er 6 s cr i teri a
and what is not important in the imagéome specific
criteria are discussed in Sectign

The resultof the analysis ign image segmentationhe
' active cycles partition the image into regions eaabf
which isidentified as one of the following

1 adarkobject
9 alight object or
1 the background
‘ This segmentation satisfies the following properties:
1 The outside border of aak object is a €cycle.On
the outside lies either a light object or the

background.
1 The outside border of a ligbbject is a icycle.On

- the outside lies either a dark object or the
background.

9. A graph representation of thetopology of a

Figure20. Eachchoice of thresholdgroduces a different topology. i
First: two dark objects, one with a hdldight object, another light gray scale Image
object is a hole in the background. Second: two dark objects, on The collection of all possible cycles is organized in a

with two holesi light objects. Third: two dark objectgith no

holos graph Its structureis very similar tothat of the topology

graph ofa binary imagelndeed the collections of cycles
of theframes are arranged layerswithin the graphEach



of these cyclegncirclesa dark objectfrom the outside or
alight objectfrom the inside
The nodes of théopology graph of aray scaleimage
correspond to light and dark objects of the image thrd
arrons indicate inclusionsViore specifically,
9 there is ararrowfrom everydark (light) object to
a dark (lighy object that contains it if they
correspond toa@nsecutive gray levels
1 there is ararrowfrom everydark (light) objectto
a light (darB object that contains it if they
correspond to the same gray level

E
C > B € D
[~ D
2 ‘l’
A Carrier

Figure22. An image and itsopology graphL=3). Here theobjects
are:mouth E (black), head B (graygyes C and D (light gray

The topologygraphmay be a tree, as in Figur@, ut
generallyit isn't (Figure 23.

Figure23. An image and itsopology graphwhich is not a tree
HereA is the complement of the face aRds the complement of
the mouth.

The proposed algorithm is incremental: the layers are

same as the one presented Saction 5. The frames
generateprincipal cyclesandthe rest arauxiliary cycles

The topologygraph can be extracted from thagmented
graph by removingll auxiliary nodesand addig arrows

betweerthe principal nodesccordingly.

Let 6s ¢ onsi dapposeatre image @angistse .
of two adjacent pixels, black and gray, on white
background. Then the construction of tlaegmentd
graphis exactly the same as described in Sec@iomhe
topology graph is simply Y H6Y CarMow,r HO
contains H. Therefore only one of them shouldabgve
Which one?Depending on the settings, tharger object
( H 3y be preservear the onethatis more roundH).

The algorithm for binary images is the process of
adding pixés one by one while keeping track of changes
in the topology. The same approach applies to gray scale
images. In factll pixelsin the image araddedin either
case The operationof adding a pixeland all functions it
calls areexactly the same as inglttase of dinary image
(Section7). The main difference is that there are L+1
frames instead of 3.

As some of the principal cycles are discarded, the
remaining ones will represent the simplified topology of
the image. If thainiqueness principle stated in Sect®is
followed, the output of the filtering step is a kind of
topological sorting of the graph. Examples of image
simplification based on filtering of lower and upper level

sets are presesd in[16] and[1].
"
ImageAnalysis with

gray scale image |
FOR al | thresholds-1T = 0, ¢€, L
FOR all pixels Pinl
IF the value of P <=T THEN
CALL Add Pixel  with P
ENDIF
ENDFOR

Add all nodes with no descendants to the list

added one at a time. Every time we increase the threshold of principal cycles

for the upper and lower level sets, there sisekinds of

evens that can (along with their combinations) happen to

the connected components of these sets:

adark objecgrows

alight objectshrinks

adark objectappears,

adark objectforms a hole 4 light objec} inside,
two dark objectsnerge,

a light object splits.

ouhrwNE

ENDFOR

FOR all principal cycles C
IF Evaluate(C)==1 and C does not have a
direct predecessor D such that C and D are
bothk -cycle s and Evaluate(D) ==1 THEN

Add C to the list of active cycles
ENDIF
ENDFOR
I

In this particular implementation of the algoriththe

The lastthreeevents change the topology of the image objects ardiltered based on their areasbjectswith areas
(see Figure42-15). Recorded in the topology graph, these smaller than a certainthreshold are considered noise.
events a the reason why it is not a tree. Since we measure the area of the inside the cycle that

Just as with binary images, instead of the topology surrounds the object, it is easly satisfy the uniqueness
graphwe build theaugmented topologgraph or simply principle stated in Sectio Indeed, since every successor
theaugmented graplof the image. Thgrowing threshold ~ of an object has higher area, we only need to check
creates a partial order on the set of pixels. In thadraie objects direct predecesserOther measurements that can
pixels are added to the imagehe procedure of building be wsed in such a simple fashion are the total intensity, the
this graph with nodes representing cycles is exactly theintegrated optical density and similar.



What if the area is replaced with contra®ly the

contrast of a dark object, we understand the difference

between théhighest gray level adjacent the objet and
the lowest gray level withirthe object(similar for light

object3. Unlike the area, the contrast can go up and down

as wemove from a lower level set to the neXherefore
the filtering step cannot be carried dayt checking only
the direct predecessors and successasswith the area,
and a whole graphsearchmay be necessarjlotice that
the contrast of an object &xactlyits persistencg8] with
respect to the sequence of frames.

Objects can be evaluateénd filtered based onany
combination of their measurenents and other
characteristicssuch as locationMany filtering criteria
have been proposed (eld], [9], [18]). All of them are
also applicable to filtering thidpology graph.

10. Comparison of the topology graphto tree
representations

Otherapproacheso graph representation of gray scale
imagesbased on the lower and upper level $etge been
proposedn [1], [16] (andfor 3D simplicial meshem [5]).
Below we compare the topology graph tbhese two
representations. Both are trees.

First consider the method {i6]. Suppse we change
the thresholdfrom 0 to 255 Then, the connected
components of lower level sefsrm a tree of growing
sets. Similarly, the components ofhe upper level sets
form a tree of shrinking setdn either case, tme are
layersin the tree correspoimt to thegray levels
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Figure 24. This diagram illustrates the lower inclusion tree a
the upper inclusion tree. The red are the lower level sets (d
and the green are the upper level sets (light). In both trees
layers correspond th¢ levels of gray.

The goal is to combine the two trees. The answer
suggested in[16] is to consider thetree formed by
connected components of the level se&is. levels sets

correspond to lower and upper level sets, the end result is

thmenged inclusion treeo.
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Figure25. This diagram illustrates the merged inclusion tree. In t
tree there are no layers corresponding to the levels of gray anymn

Because of the way they are mergéte structures of
the two inclusion treesre lost In particular the lower
level sets are mixed with the upper level sktsaddition
the gray leved are also mked Observe that losing this
information makes it impossible to filtenodes by
checking only thedirect predecessorsOf course, the
algorithm can be modified to preserve the relations
between the lower level setnd the relationsbetween
upper level setsThe result would be the topology graph.

In fact, he topology grapleanbe seen aan alternative
way of combiring thelower and uppeinclusion trees. The
latter is turned upside down and attached to the former.
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Figure26. This diagram illustrates the structure of the topolo
graph of a gray scale imag@nly some of the links connecting
the nodes corresponding to the same gray level are shown.

To summarize,hte structure of the topology graph a
gray scale imagdiffers from that othe mergedinclusion
tree in a number of ways:

1 The lower and upper inclusion trees remaitact
within the graph
9 The graph breaks intiayers that cincide with of

thetopologygrapls of the corresponding frame

The topology graph is not a treegeneral

In [1], the tree structure appears as morphological
openings and closings of larger and larger scale are
applied to te image. In other words, theinima and
maxima of the gray scale functi@me flattened slice by
slice. The result is a hierarchy ffwer and upper level
setsthat is recorded as & s ¢ a | eTheir exarapie is
below.



Figure27. An image and its scateee Its topology graphs in
Figure 22.

11. Complexity of the algorithm
Suppose N is theumber of pixels in the image.

The memory usage is O(N). Indeed, there are two main

data structures: cydand edgs. As adding a pixel creates
no more than 9 nodes in the augmented graph, there ar
O(N) cycles. There are also O(N) edgethe image

During the construction of the topology grapkach of
the Npixelsis processed separatelpd each time at most
9 newobject arecreated The edges of the boundaries of
some ofthese objects are marked, which can be done in
O(N). Therefore, the complexity of this part of the
algorithm is at mosD(N?).

As we go through the levels of gray the image in
Figure 28, the objects grow and fill the imagé&he
boundary of each has tbe traversed. Then the total
number of edges to be WNWisi
which adds up t®(N?). Therefore, the complexity of the
algorithmis in factO(N?).

Figure28.L e f t : he ficombo. It

lower level sets.

Such an iImagenay seem unusuadut Images of maps
andmicrochipsmayfall into this categorylmages of cells
or other particleslo not.

Suppose the image in Figure 28nist quantizedThen
the above analysis of the complexity of the algorithm
applies to any other algorithm that traces all level sets in
the image This is the case withthe fast levelline
transform [16] (step 4a). Therefordts complexity is
O(N?), notO(NlogN) as claimed.

Regardless of the design of the algorithm, tracing the
level sets is necessary in ordercampute the perimeter
of lower and upper level sets. Only then they can be
filtered based on their shapes.

The complexity ofiltering the graph i©O(N).

The algorithm was tested withvariety of imagesThe
processing included:

t S

pe

1 construcing the topology graph,
1 computingvariousmeasurements of all objects,
1 filtering the objects based on these measurements

and user.0s settings
The testing was done on HP Pavilion laptop with Intel
Core 2 Dual CPU T7500 2.2GHz.
The diagram below provides an estimate for the
processing time for natakimages of reasonable size

150 +

Processing time in seconds

50 +

1,000,000 2,000,000 ,000 4,000,000 5,00¢,000

=0 + é +

Image size in pixels

Figure29. The processing timas a function of the image size

For this range of sizeghe dependencappears close to
linear. In this case, theprocessingtakes, raghly, 40
seconds for each million pixels in the imadée results
suggest that the algorithim practical.

The performance of the algorithm presented in this
paperis sacrificed forthe sake ofsimplicity. One can
expect that faster algorithms will be developed.

12. Experiments

To furtherdemonstrate the practicality the algorithm,
we analyze a few simple images.

During processingthe areas, perimeters, ambntrasts
of the objects aralso computed.These parameterare
used to filter objects The user indicates rangeof
parameter®f the features he considersheirrelevant or
noise.



sensitive (as is the image itself) to rotatiotte error is
reasonable and decreases as the objects get larger

An example of image simplification based on filtering
of the topology graph i Figure 34 pelow.

Figure 30. The coins are captured.

The settingsmay be chosen based ora priori
knowledge about the image. For example image in
Figure30is 300x246. Taapturethe coinsand ignorethe
noise andhe small features depicted on ttw@ns, one sets
thelower limit for the aeaat 1000 pixels

Figure 34.?n MRI of breast tissue and its version \aitHow
contrast objects removed.

Stretching the image does not affect theunt of
objects. Shrinking makes objects merge. If the goal,
however, is to count and analyze lardeatures,limited
shrinking of the image does not affect the outconihe
count is also stable under nosed blurring

The method works best with images that represent
something Zimensional. It is not applicable to the
images for whichthe third dimension is essentidror
Figure 31. The coins are captd in the blurred version of t example, the methoq failghenthe image cotains:
coins. 1 occluded objects,

i transparent objects,
1 objects well lit on one side and dark on the other.

The method does ndhcorporateany morphological
operations.As a result,s cr at ches canodt b
cd ustered cel | snlessdheréiavariation s e p a
of intensity

13. Conclusions and further research

Figure 32. The coins are capturedin vkesion of the coir The methodproposed in this papés well grounded in
with saltandpepper noise. classicalmathematics and produces meaningful results for

various gray scale imageslts speed and memory
requirements make it practical for exy-day use on
todayds personal computers.

One of the proposed innovations is tha topologyof
a gray scale imagie represented by a graph, which is not
a tree in general.

The main issue still to be addressed the issue of
merging objects based omrslarity and proximity rather
than relative gray levels

A modification of thealgorithmapplies tocolor images
and other multi-parameter image It is possible to
thresholdan RGB imageso that a binary imagdréme is

A good test offobustness ofraimage analysisnethod ~ created ér eachcombination ofred, green, and blu&he
is the degree of its stability undestations. e output for ~ cycles from these frames form the topology graph of the
the original640x480fingerprintin Figure33is 3121dark  Colorimage. o L .
and1635light objects For the rotated version, it is 2969~ The ability to remove pixelm addition toadding pixels
1617.The errors are about 5% and 1%y limiting the ~ Makesthe algorithmtrack objects in dinary videa The
analysis toobjects with arembove50 pixels the results ~Same approach is applicable to sequences of
are improved 10265125 ad 259124, respectively2% morpholaical operations applied to a given binary image.
and 1%) This test shows thaven thoughhe algorithm is

Figure 33. The image of a fingerprint and its rotated versior



